Abstract-We systematically study the pulse advance and pulse compression in light propagation through a transparent, anomalously dispersive medium. Using an Argand diagram, we show that pulse compression is the only form of pulse distortion, while other forms of pulse distortion can be eliminated. Experimentally, we implement a dual-band electronic amplifier to measure the negative pulse group delay and compression and confirm that they are related via a quadratic form.
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I. INTRODUCTION

I
T IS WELL known that the group velocity of a light pulse can exceed in an anomalously dispersive medium. Traditionally, anomalous dispersion has been known to occur in an absorption band [1] - [6] . For a passive and linear medium that is absorptive at all frequencies, it can be proven that if the medium is transparent, the dispersion is always normal [7] . Recently, it was shown that in a medium that has gain, the dispersion in both the dc and the ac side of the gain resonance is anomalous [8] - [10] . This implies that a pulse with a carrier frequency located in these regions can propagate at a group velocity higher than . This counterintuitive effect not only is not at odds with causality, but in fact is necessitated by causality itself, being a necessary requirement of the Kramers-Kronig relations [12] . Moreover, if a gain doublet is implemented, the anomalous dispersion between the two gain lines can become a mostly linear one such that pulse distortions are minimal [13] . This was recently demonstrated experimentally [14] , [15] . It was also shown that while the group velocity can exceed , the signal velocity given in an operational definition [16] is still lower than , owing to quantum fluctuations. In a transparent medium, if there is no appreciable absorption or amplification, a sufficiently smooth initial pulse envelope becomes simply after propagating a distance , where is the group velocity. When the medium is anomalously dispersive, i.e., , the group velocity can exceed , or even become negative. This results in the fact that the pulse delay be less than the vacuum transit time or even negative:
. However, this result is only approximate. It requires that the dispersion in the phase is a linear one such that higher order derivatives of as functions of frequency can be ignored. Moreover, this usually applies only to a narrow bandwidth where the gain or loss is almost independent of frequency. These conditions are fairly strong, resulting in the fact that the pulse advances one can observe in the experiments [14] , [15] are rather modest compared to the input pulse widths by being only a few percent. It remains an interesting question as to what happens when one attempts to reach the Rayleigh criterion where the pulse advance is comparable to the pulse width:
. Traditionally, it has been widely acknowledged that when the group velocity exceeds , its conceptual significance is lost and large pulse distortion will occur. As stated in [7] by Landau and Lifshitz, "When considerable absorption occurs, the group velocity cannot be used, since in an absorbing medium wave packets are not propagated but rapidly ironed out." Certainly, this view holds true for the anomalously dispersive region inside an absorptive medium. Furthermore, it was also pointed out [17] - [19] that when the bandwidth of the electromagnetic pulse is too large (especially for that of an ultrashort pulse), the quasi-monochromatic approximation and the group velocity description break down. The discussion of short pulse propagation is beyond the scope of this paper.
For a transparent, linear, anomalously dispersive medium, the change in the pulse's shape and intensity can become minimal, as was demonstrated in the experiments of [14] and [15] . However, in the early work [3] , Chu and Wong reported that when a pulse is transmitted through an absorber, the output pulse is slightly compressed. We have also noticed a similar effect in the more recent experiments involving gain lines [14] , [15] .
In this paper, we report a systematic study of the pulse behavior when approaching the Rayleigh criterion. We analyze the various terms in the transfer function of the medium using an Argand diagram. We show that this pulse compression effect is generally present and scales quadratically with the relative pulse advance . We further show that this pulse compression remains the only source that can cause the output pulse to be different from the input. Experimentally, we implement a dual-band electronic amplifier that closely resembles the systems in [10] , [11] , [14] , and [15] . We follow the basic technique of [10] and [11] in obtaining a single gain resonance to reproduce the gain doublet first demonstrated for the optical frequency [14] , [15] . By varying the input pulse width, we measure both the relative pulse advance and the pulse compression factor.
II. PULSE PROPAGATION AND COMPRESSION
We start by considering the propagation of an electromagnetic pulse through a linear medium. We write the electric field of the 
is the "positive frequency" part of the field. In the second equation, we have factored out the carrier frequency since we assume that the pulse's envelope varies much slower than . Of course, we have also replaced the spectral component with by shifting the variable. For a linear propagation process, we have the general form for the output field (2) where is the generalized transfer function. gives the absorption coefficient (when , gives gain). Hence, and the transfer coefficient correspond to the real and imaginary parts of the refractive index (with a factor of ). We consider a Gaussian input pulse (3) whose bandwidth is small such that , and both and vary only modestly. Hence, it is useful to expand and into a Taylor's series. We obtain (4) to the second order. Higher order terms can be ignored if the bandwidth is small enough. It follows immediately that the term (5) gives the pulse advance in an anomalously dispersive medium, indicating the negative shift in the center of the pulse. Next, we discuss the effects of the other terms.
A. Argand Diagrams of Linear Response Functions
An Argand diagram of a complex function of a real variable is the parametric plot or the curve traced in the complex -plane when the variable is varied from to . When the complex function satisfies the condition that applies to the susceptibility of a dielectric or the logarithm of the generalized response function [7] , the curve's behavior from is merely the mirror image of the curve of about the real -axis. Hence, we need only be concerned with the behavior of the Argon curves for the positive frequencies. In (c) and (d), ! and ! are the frequencies of the peaks of the two gain lines. Note that at ! in (c), d=d! < 0. r is the radius of the circle approximation of the Argand graph at point ! in (c).
In Fig. 1(a) , we plot the Argand diagram for the transfer function of a single Lorentz absorptive medium of a length . In Fig. 1(b) , we plot the real and imaginary parts of the susceptibility as functions of frequency. The Argand graph forms a single counterclockwise circle in the complex phase-amplitude plane. In Fig. 2(c) , we further plot the Argand diagram for the transfer function for light propagating through a medium that possesses a gain doublet [14] , [15] and whose dielectric susceptibility is (6) Here, is a linewidth, is a frequency offset, and . The response functions are given by and , where is the medium's length. Now, we proceed to evaluate the various terms in (4). Immediately, we notice that the Argand diagrams in Fig. 1(a) and (c) consist of counterclockwise loops, regardless of whether there is gain or loss. This is a general feature that can be derived using Kramers-Kronig relations [20] , [21] . The number of loops in the Argand diagram correspond to the number of resonances.
First, owing to the general counterclockwise direction of the Argand graph, the point of maximum anomalous dispersion, i.e., when is maximum in its magnitude, always occurs at a local maximum of the imaginary part . This can be the peak of absorption in Fig. 1(a) , or the minimum of gain in Fig. 1(c) at frequency .
Using the Argand graph, it is straightforward to see that for a passive, transparent medium, the dispersion is always normal. In a passive medium, all the loops in the Argand graph for the positive frequencies are in the upper half. Furthermore, all loops are counterclockwise. This necessarily requires that at any local minimum of the absorption (transparent region) that are close to the real axis, the derivative , resulting in normal dispersion. Of course, the more strict result that the conditions and hold simultaneously [7] for a passive transparent medium requires a more complex proof.
From Fig. 1(c) , we further see that at this point , because is at a local maximum, its first derivative vanishes: . Furthermore, the curve in Fig. 1(c) near the point can be approximated by a circle of radius (of the dimension of ) that is almost independent of . The radius is a function of other parameters, such as , , , and . The lowest order of change in this radius as a function of is of the quadratic order, owing to the symmetry and the fact that this radius must be an even function of at the point . Hence, we obtain
By taking the derivative of (7) with respect to and using the fact that and , we immediately obtain (8) Furthermore, by using , we obtain for the second derivative in (9) It hence can be shown that for the input pulse given in (3), the output pulse becomes (10) where the pulse advance is given by (5) and the output pulse width becomes (11) yielding a pulse compression factor given by (12) In the case of anomalous dispersion, this factor is always smaller than 1, owing to the counterclockwise rotation of the Argand loops. This results in a pulse compression. For the cases when gain is small or pulse width is long as in the case of [14] and [15] , this factor can be very close to 1 ( in [14] and [15] ). In this case, the pulse shape is maintained.
However, when gain is large such that the negative term has its magnitude approaching to unity, a significant pulse compression occurs. Alternatively, when a shorter duration pulse is employed such that is small, this pulse compression factor can also become significant. However, in this case, a subtle transition occurs. Namely, when is small, the cubic term in the expansion of the phase given in (4) can no longer be ignored. One will start to see the input pulse breaking up into two output pulses. This effect is due to this cubic term that leads to the "precursor" first discussed by Sommerfeld and Brillouin [1] .
Finally, we notice that in the opposite extreme of "ultraslow" light propagation in an electromagnetically induced transparency (EIT) medium, the sign of the pulse compression term will be merely reversed to be positive. This results in pulse "expansion." The effect can become quite visible when the output pulse is delayed to the order of the input pulse width (Rayleigh criterion) as in the case of [22] . However, this effect is not as severe in the "slow-light" situation.
B. Parameter Dependence in Gaussian Pulse Propagation
For the propagation of a Gaussian pulse through a transparent, linear, anomalous dispersion medium, there are three important parameters: the pulse intensity gain, the pulse advancement, and the pulse width compression. In this section, we calculate the dependence of these factors on various experimental parameters.
We consider a Gaussian pulse propagating through an anomalously dispersive medium of a thickness with a dielectric susceptibility given by (6) .
At the entrance of a transparent anomalous dispersion medium , the electric field is given by (13) At the exit surface of a medium of length , the electric field varies in time (14) where (15) describes the change in pulse amplitude. gives a residual amplification with an amplitude gain coefficient . Using (6), we obtain (16) Next, we calculate the pulse advance (negative delay) for a Gaussian pulse propagating through an anomalous dispersion medium of length . The pulse advance compared with propagation through a vacuum is given by (17) Using the expression in (6), we obtain for the relative pulse advance (18) The pulse propagating through the anomalously dispersive medium is advanced provided that . We further calculate the pulse compression factor (19) Again, using the dielectric susceptibility function given in (6), we obtain (20) This leads to an expression for the pulse width compression factor (21) Combining (16), (17) , and (21), we observe that the gain coefficient , the relative pulse advance , and the pulse compression are related by (22) where (23) is a dimensionless constant that is determined entirely by the structure of the gain resonances. For the experiments reported in [14] and [15] , this factor is . Similarly, we can analyze the situation of pulse propagating through the anomalously dispersive region inside a single absorption line. Here, the dielectric susceptibility is given by (24) Following the earlier procedure, we have (25) It is easy to show that a variant scaling relation also applies with the constant .
III. EXPERIMENTS
The negative group delay and the associated pulse compression we discussed above is a general effect that applies to a linear transmission system of electromagnetic pulses. Hence, the effect also occurs at frequencies different than the optical frequency. In this section, we report the demonstration of negative group delay in a simple dual-band electronic amplifier system, following the earlier work of [10] and [11] for a single gain resonance. The gain resonance peaks were obtained using an arrangement similar to that of [10] and [11] . We further vary its parameters and test the scaling relation given in (22) .
To begin, we consider a general feedback amplifier system shown in Fig. 2(a) . It is easy to show that the transfer function of the system is given by [26] (26)
The approximation holds true when gain is large. Here, is the feedback function. For the simple implementation of Fig. 2(b) , the feedback function is given by (27) Hence, we have for the linear transfer function (28) where (29) Typical values of the components are given in Fig. 2(b) . First, we measure the gain and phase shift of the linear system shown in Fig. 2 using a network analyzer (HP 3589A) . In Fig. 3 , we plot (a) the measured frequency-dependent gain, and (b) the phase spectra for an implementation whose settings are given in Fig. 2(b) . In Fig. 3(c) , we plot the measured group delay. The parameter can be varied to control the gain and is set at 6 k for the results shown in Fig. 3 .
Next, we measure the pulse group advance upon propagation (transmission) through the system. To do so, we employ an "arbitrary waveform generator" (Tektronix AWG520) to produce a Gaussian envelope modulated sine wave:
. Here, the input pulse width can be varied. The carrier frequency can be adjusted and is set at 470 kHz which is the point of minimum gain between the peaks. This is for the purpose of minimizing pulse distortion, as was discussed in Section II-A. We first measure the effective "intrinsic" transit time of the dualband feedback amplifier. To do so, we use a very large value of M . From (28), we see that the transfer function of the system becomes unity over a large bandwidth. Hence, a group delay measured in this case will effectively be caused only by the various propagation distances embedded in the system. This transit time is measured and gives a value of 5 1 ns. Next, we restore the feedback loop to its original setting of k and measure the pulse propagation and group delay. In Fig. 4 , we plot the input and output pulse (voltage) in the lower and upper traces, respectively. Here, we used a pulse width of s. Using a least-squares fitting procedure, we obtain both the input and output pulses' Gaussian envelope functions. A negative group delay of s was obtained. Hence, we obtain a relative pulse advance of . This approximately corresponds to an effective "group index" of 1/300 60 , similar to those reported in [14] and [15] . Using the fitting procedure, we obtain the output pulse's width s. This gives a pulse compression parameter .
Next, we vary the input pulse width and measure the relative pulse advance and the pulse compression factor for input pulse widths , 14, 10, 7, 5, 3.5, and 2.8 s. We plot the resulting parameter as a function of the pulse advance in Fig. 5 . Using the least squares fitting, we obtain a quadratic relation . This is better than the cases reported in [14] and [15] in terms of the ratio of allowed relative pulse advance for a given pulse compression factor. First, in the present case, there is practically little gain in the middle between the two gain peaks. Hence, the factor in (22) is very small. Certainly, in this case, (22) is not the best scaling rule to apply. A better relation can be found using the peak gain coefficient as a variable. We obtain a variant of (22) 
It is straightforward to obtain the new scaling constant for the optical case [14] , [15] . Using the peak amplitude gain of 12 dB shown in Fig. 3(a) , we obtain for the electronics case. Next, we change the feedback gain by varying the value of the resistor . We notice from (18) and (21) that both the pulse advance and the pulse compression factor are linear to the gain: and . Hence, by varying the gain parameter, we expect to obtain a linear dependence of the pulse compression factor on the relative pulse advance : . In Fig. 6 , we plot the observed pulse compression factor as a function of for a series of settings of the resistor s value: 130, 22, 15, 10, 6, 4, and 2 k . An essentially linear relation between and is maintained up to a large relative advance of . Here, an input pulse width of 5 s is employed.
IV. SUMMARY
In this paper, we have reported a systematic study of the pulse propagation in a transparent, linear, anomalously dispersive medium. We showed that under the appropriate conditions, pulse compression remains the only form of distortion, while other forms can be eliminated. We further derived a general scaling rule, (22) , relating the relative pulse advance to that of a pulse compression factor. This scaling relation applies to anomalous dispersion both inside an absorption line, as well as that between two gain lines.
Experimentally, we implemented a dualband feedback electronic amplifier. We showed that the system clearly resembled the essential features of the optical experiments of [14] and [15] . We measured the negative group delay and pulse compression factor for a low frequency electromagnetic pulse. We verified the general scaling rule obtained here.
Finally, we have addressed a few subtle points that are often related to the work reported here. First is the question often raised in the comparison of the optical case [14] , [15] with the current case of "discrete" amplifiers. Certainly, in an electronic amplifier, the embedded effective "vacuum" transit time far exceeds its physical size and are not easily adjustable. However, from a linear system point of view that the propagation are entirely characterized by the generalized transfer function, the two cases are very similar. The effect of negative group delay is a general feature of electromagnetic wave propagation and is largely independent of the carrier frequency.
Secondly, we note again that in an "electronic" circuit, it is the electromagnetic field that is propagating instead of electrons. In an amplifier, effectively, the electromagnetic field is amplified. This is consistent with the general picture that the electromagnetic field is a bosonic field that can be amplified. Certainly, in an electronic circuit, the spatial structures of the fields are very different from that in a vacuum. However, by treating the feedback amplifier as a two-terminal device describable with a "black box" of a certain transfer function and by treating the fields inside the input and output waveguides as single spatial modes, we can still recover a very good analogy with that of the optical case.
Of course, one should also be examining the details of the "black box." In particular, inside the amplifier, there are indeed increases of the electron flux at the transistors, controlled by the gate voltage. This situation is somewhat similar to that of the coherent "amplification" of matter waves [23] , [24] which has attracted much interest. Indeed, any "amplifier" of matter particles must involve a reservoir because unlike photons, matter particles cannot be generated easily. Naturally, in both cases that involve Fermions, be it an electronic amplifier or a coherent matter wave amplifier, the per-mode occupation number is always far less than unity. The dispersion relation of a matter wave amplifier is currently under investigation and the results will be published elsewhere.
Lastly, we note a simple implication of the current paper in terms of the velocity of energy transport in a transparent anomalously dispersive medium. Traditionally, it is well known that in a transparent medium (normally dispersive), the energy velocity is the same as the group velocity. Whether this applies to the case when the group velocity has been the topic of recent studies [25] . Certainly, extra care must be exercised due to various possible definitions of the energy velocity. However, from an experimental point of view, the current setup is particularly illustrative. Namely, if one terminates the output end of the bandpass amplifier of Fig. 2 with a resistor, owing to the early arrival of the voltage pulse, the resistor will indeed heat up earlier than if there is no negative group delay [26] .
